Abstract. Identities between incomplete Kloosterman sums and incomplete hyper-Kloosterman sums are established.
Introduction.
In recent years various identities of Kloosterman sums and other exponential sums have been proved and their roles in relative trace formulas and Langlands' functoriality conjecture have been studied (Jacquet and Ye 3], Mao and Rallis 6], Ye 7] , 8], 9], 10], and Zagier 11] ). Some of these identities imply the fundamental lemmas of relative trace formulas and hence provide us new information about the corresponding functoriality of group representations.
More speci cally, an identity is proved in Ye 10 ] between a complete hyperKloosterman sum and an exponential sum over a quadratic number eld. The fundamental lemma of a relative trace formula for GL n would follow from this identity and other conjectured identities. This relative trace formula would in turn characterize quadratic base change for GL n .
In Ye 9] an identity is established between an exponential sum of Kloosterman type and an exponential sum over a cyclic algebraic number eld of a prime degree. Although we do not know whether this identity is related to a relative trace formula, it provides us a new interpretation of Davenport-Hasse relations of Gauss sums (Davenport and Hasse 2] ).
On the other hand Kloosterman sums and related exponential sums have important applications in number theory, based on estimation of individual sums and their weighted sums. We are especially interested in estimation of incomplete Kloosterman sums and incomplete hyper-Kloosterman sums. In Bump In this article we will establish identities between incomplete hyper-Kloosterman sums and incomplete classical Kloosterman sums in the case of prime power moduli. We will see that these incomplete sums are essentially the same and hence estimation of one sum implies estimation of the other sum.
From the viewpoint of base change this identity is closely related to the identity in Ye 9] . Indeed, we may regard a local hyper-Kloosterman sum as the lifting of a local Kloosterman sum to the direct sum of n copies of local eld Q p . Then the exponential sum in 9] is the lifting of an exponential sum of Kloosterman type to an unrami ed extension eld of Q p of degree n.
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When a > 1 is odd, the integrand on the right side of (3) To complete the square for x 4 Since m 1 (mod (q)), we have m 1 (mod 2) and r 0 (mod 2). By changing variables we can further assume that c 2 ; : : : ; c r are nonzero integers relatively prime to p. The results from (2), (4), and (5) 
because the integral with respect to x on the right side of (1) vanishes. On the other hand the expressions on the right side of (6) and (7) are equal to zero because the integrals with respect to x there vanish.
2.4. The case of unrami ed . Now we assume that is unrami ed. Then the right side of (1) vanishes, because q = p a with a > 1. Therefore (8) holds in this case. By the same reason, the right side of (6) and (7) are zero because the integrals with respect to z vanish. This complete the proof of Theorem 1.
Q.E.D.
